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Abst ract - - In  a model of cell migration in the presence of chemotaxis and haptotaxis, bimodal 
density distributions can be induced by noise. We suggest this phenomenon as a possible explana- 
tion of the experimentally observed up and down motion of the endothelial cells in tumour-related 
angiogenesis. @ 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
theoretical and experimental studies have shown that a detailed description of the endothelial 
cell movement is necessary for an understanding of tumour-related angiogenesis [1]. The influence 
of randomness in the presence of an attracting radient (chemotaxis) has been investigated within 
the framework of a Brownian model in [2]. Recently, 1D and 2D reaction-diffusion models which 
include the joint action of chemotaxis and haptotaxis have been investigated by Anderson and 
Chaplain [3,4] to study tumour-induced angiogenesis. A mathematical nalysis of the problem 
can be found in [5]. 
In this paper, we evaluate the influence of random fluctuations associated with the surrounding 
medium on the process of cellular migration in the presence of both activating and inhibitory 
factors [3]. The main steps leading to the formulation of the model of evolution are recalled in 
Section 2. In Section 3, the stochastic description is presented, which accounts for the influence of 
the medium, supported by relationships existing between Fisher models and FP (Fokker-Planck) 
systems. In Section 4, there are shown some numerical examples, that external noise modifies the 
landscape of the asymptotic regime, leading to the appearance of bimodal distributions. Lowering 
the order parameter in the ehemotactic coefficient moves the bulk of the stationary density from 
the initial position towards the source of the excitatory stimulus. Computer simulations how 
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that migration is only partially successful. This agrees with previous results as predicted in [3,4]. 
We found that the process is not uniform in space. By approaching the middle point of the 
distance, corresponding to some critical value of the order parameter, a continuous deformation 
of the cell distribution can be observed from the bell shape to the bimodal one. A similar sequence 
of profiles can be produced in inverted order by lowering the key parameter further, so that the 
scenario looks symmetric with respect o this critical value. The same features can be observed in 
the presence of solely natural noise. The analysis presented here includes examples and numerical 
values reported in [3,4]. Thus, our theoretical findings support he idea that stochastic transition 
phenomena may have a noticeable influence on the mechanisms governing the process of capillary 
network formation. It is suggested that bimodality might explain the experimentally observed 
behaviour of the endothelial cells in tumour-related angiogenesis. 
2. MODEL ING ST IMULATED MIGRATION 
We start from a model describing the 1D motion of endothelial cells of number density n(x, t) : 
x E [0, 1], t c ~+, in the presence of two chemicals a(x,t) and s(x,t) placed on the border x = 0, 
and respectively, x = 1. (Dimensionless units are used.) One can identify s(x, t) and a(x, t) as 
the concentrations of tumour angiogenesis factor, and respectively, fibronectin of papers [3,4]. In 
the absence of birth and death events, the model equation reads 
~n + ~x xn~s  + pn~a 
n(x,t = O) = no(X), 
(92 
~ D~x2 n, (2.1) 
(2.2) 
with no flux at x = 0, 1, 
0 0 o 
Xn~xS + pn-~xa = D n. (2.3) 
In order to take into account he saturation of the cell surface receptors to the excitatory influence 
of s, one can introduce a parameter a of desensitization [3] 
- . (2.4) 
X l+as  
According to Fick's Law, the model incorporates the effect of natural noise D. Also, the model 
in general will include the equations governing the behaviour of the interacting species [4]. Here, 
we confine ourselves to the stationary case, by assuming that the profiles of s(x) and a(x) are 
monotonic functions having their maxima at x = 0, and respectively, x = 1. As in [3], we take 
s (x )=NSexp(  (1-x)2)~- , (2.5) 
a(x)  = N ° exp -N  , (2.6) 
- -  Nexp  • 
3. INFLUENCE OF  EXTERNAL NOISE  
Now, we are looking for a model which accounts for external noise. The model as given by 
equation (2.1) under assumptions (2.4)-(2.6) formally corresponds to a FP equation governing 
the statistical density function associated with the Langevin type equation 
d ~ 0 O 
x (t) -- 1 + as ~x s + POx a + v/-D--~(t)' (3.1) 
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where D is the natural noise. The process ~(t) is assumed to be the derivative of a Wiener process 
with zero mean and vanishingly small correlation time. To take into account the effects arising 
from the external noise, we consider parameters/3 and p as fluctuating quantities around some 
average values. We replace into equation (3.1)/3 with/3 + c /~(t )  and p with p + or" c(t), with cr' 
and or" denoting the strength of the stochastic forces. As a result, one obtains an FP equation 
with multiplicative noise sources. Parameter c~ (:an be a fluctuating quantity too, howew~r, this 
case will not be considered here. In the presence of multiplicative noise, the question arises on the 
choice of the appropriate FP  equation [6]. For definiteness, we limit ourselves to the formulation 
due to Stratonovich. Accordingly, the equation for the ~.-density reads 
0 -~zz0 ( /3  O ;_dj ) l + o ~ s  0 0 = + P " + (3.2) 
a t 8 
g = v /D+ 1 +ct~~xxS + cr '' a. (3.3) 
4. STEADY-STATE SOLUTIONS AND NUMERICAL  EXAMPLES 
Under suitable conditions for the transport coefficients, n(.r, t) is asymptotical ly stable [7] and 
n(x) = lira n(x , t )  (4.1) 
t - -*  OO 
solves equation (3.2) with on  = 0. Moreover, by introducing the potential (I) = - In ~(~'), cot 
 =lng_ f O O)  
1 + c~s Ox - -Ts  + p a dff,  (4.2) 
and one can investigate the steady state equivalently well making use of (4.2). 
We set the expressions of s(x) and a(x) into equation (3.2) with ° 'n  = 0, assuming particle 
conservation. Let us consider the numerical values of the parameters as reported in [3]. Accord- 
ingly, we take/3 = 0.38, p = 0.34, D = 0.001, 0 s = 0 a = 0.45. ~ = 0.001, N s = N"  = N = [. By  
varying the order parameter ct within the range 0.6 < a < 16 and by keeping different values of a~ 
and a ' ,  one can plot the spatial evolution of the stationary density flmction n(x). In the absence 
of external noise (or ~ = a"  = 0), one obtains a set of bell-shaped profiles, as those reported in 
[3, Figure 2]. (See also curves a = 0 and a = 0.05 of Figure 1 for (t = 0.6.) When the noise is 
sufficiently high, the shape of the profiles is, in general, different. We confine ourselves to the 
case a '  = a, a"  = 0, which corresponds to the case of constant haptotactic oefficient as ill [3]. 
Figure 1 also shows the stat ionary response for a = 0.35. It is apparent hat  the distribution for cr 
= 0.35 has completely changed. The influence of external noise has also been evaluated for values 
of (t > 0.6, the effect consisting on the build up of a plateau on the RHS of the curve, i.e. towards 
the boundary x = 1. One can check these results by examining in the (x,/3) domain, the c~itical 
points of the deterministic equation (3.1). Also, one can look for the extrema of the stat ionary 
solution of (3.2) as a function of/3 with fixed c~ by keeping the values of the other parametc,rs as 
above. After inspection of the resulting set of curves parameterized by {or} in the (x,/3) plane, 
one can convince himself that external noise modifies the shape of the time asymptotic density 
distribution. We show the outcome of the numerical computations with a = (1.6 for a = I) and 
cr = 0.35 in Figure 2. 
The effect becomes more evident as a becomes maller and smaller. Let us consider the (>use of 
(t = 0.2 which was not considered by the authors of [3]. Figure 3 shows three curves representing 
the steady-state solution of equation (3.2) with (~ = 0.2 for three values of or, respectively c~ = 0, 
c~ = 0.05, and a = 0.35. Now, we are faced with a dramatic deformation of the density function 
consisting in the appearance of bimodal distributions for all three numerical values of or. We 
remark that, whereas bimodal distributions induced by external noise are to be expected from 
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F igure  1. S teady-s ta te  cel l  dens i ty  n(x) versus d i s tance  (x) for th ree  va lues  of a as 
ind icated  w i th  ~ = 0.6 and  j3 = 0.38, p = 0.34, 08 = 0 a = 0.45, 0 = 0.001, D = 
0.001. 
. 
i 
0.8- ct = 0.6 / 
/ 
0.6" 0 / 
P / - - t  
"0 0 0.2 0.4 0.6 0.8 
X 
F igure  2. Ext rema of s teady-s ta te  so lu t ion  of equat ion  (3.2), as a funct ion  of/~ versus  
d i s tance  (x) for two va lues of a as ind icated  and  a = 0.6• The  o ther  parameters  are 
as in F igure  1• For /~ ---- 0.38, a determin is t i c  r i t i ca l  po in t  ex is ts  (a  ---- 0), wh i le  th ree  
ext rema of the  s ta t ionary  cell  dens i ty  are observed for a ---- 0.35. 
theory of stochastic processes, now we are faced with a bimodal distribution induced by the 
presence of natural  noise, even in the absence of external noise (curve a -- 0 in Figure 3). One 
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Figure 3. Steady-state c ll density n(x) versus distance (x) for three values of ~ as 
indicated with a = 0.2 and parameters as in Figure 1. Notice the bimodal profile 
even in the absence of external noise (a = 0). 
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Figure 4. Extrema of steady-state solution of equation (3.2), as a function of/5 versus 
distance (x) for two values of a as indicated and a = 0.2. The other parameters are 
as in Figure 1. For this value of c~ with 13 = 0.38, three extrema exist even in the 
presence of solely natural noise (a = 0). 
gets the same conclusion by again looking for the ext rema of the steady-state  solut ion obta ined 
from (3.2) in the (x,13) plane. By inspection of F igure 4, it is apparent  hat  for a = 0 and for 
some values of/3 including the value/3 = 0.38 considered in [3], just  three crit ical points ~)f the 
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Figure 5. Steady-state c ll density n(cc) versus distance (x) for a range of ct as indi- 
cated, without external noise (or = 0) and parameters as in Figure 1. Decreasing ct, 
the bulk of the distribution moves smoothly to the right, reaching the maximum 
position at x-0.84 for vanishingly small c~. Notice the bimodal profile for c~ = 0.2. 
deterministic equation (3.1) can be found, whereas for the same values of/3 and ct = 0.6, one 
critical point exists (curve cr = 0 in Figure 2). 
Looking at the shape of the profiles for 0.6 >~ a ~> 0.2, it is seen that, decreasing ct, the profile 
of the stat ionary density in its 1D movement from the left to the right, exhibits a continuous 
transit ion from the bell shape to the bimodal one. For a < 0.2, a sequence of configurations can 
be obtained, depending on the boundary conditions, in such a way, that the process repeats itself 
in a symmetrical  manner. The maximum position is reached about the value x -~ 0.84 for a = 0. 
The situation is depicted in Figure 5, where the profiles of six stat ionary solutions are shown, 
corresponding respectively to the values a = 16; 0.6; 0.24, 0.2; 0.16; 0. Thus, in a small interval 
around a = 0.2, one is faced with new qualitative features, even in the absence of external noise. 
Similar conclusions can be obtained by looking at the shape of the potential as given by 
equation (4.2). 
5. D ISCUSSION AND CLOSING REMARKS 
The examples we have presented show that the model of stimulated cell migration without 
mitosis as developed in [3,4], is modified in the long time regime by the appearance of bimodM 
distributions. Profiles with maxima with nearly equal height develop even in the absence of 
external noise. This happens by varying cr and a continuously on the semiaxis [0, oc). 
One can give a biophysical interpretation of these theoretical findings. It has been reported 
in [3,4], that  endothelial cells move up and down the capillary sprouts. It seems natural to 
think of this behaviour as a kind of bistability triggered by a stochastic resonance phenomenon. 
In fact, for c~ = 0.2, one is faced with the existence of two profiles with nearly equal height, 
which are about symmetrical ly placed with respect to the middle point x = 1/2 . Because the 
maximum position reached for ct = 0 is < 1 (Figure 5), we maintain the conclusion of [3,4], that 
endothelial cell migration without proliferation is not successful. Of course, the stochastic results 
introduce additional complexity into the model, In view of this, the models of migration without 
proliferation, as developed in [3,4], are consistent with the concept of evolutionary model where 
a variety of strategies is appropriate for the solution of optimization problems. 
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